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REPRESENTATION OF SET VALUED OPERATORS
BY
NIKOLAOS S. PAPAGEORGIOU!

ABSTRACT. In this paper we prove representation theorems for set valued additive
operators acting on the spaces L' (X = separable Banach space), L' and L*. Those
results generalize well-known ones for single valued operators and among them the
celebrated Dunford-Pettis theorem. The properties of these representing integrals are
studied. We also have a differentiability result for multifunctions analogous to the
one that says that an absolutely continuous function from a closed interval into a
Banach space with the Radon-Nikodym property is almost everywhere differentiable
and also it is the primitive of its strong derivative. Finally we have a necessary and
sufficient condition for the set of integrable selectors of a multifunction to be
w-compact in LY. This result is a new very general result about w-compactness in the
Lebesgue-Bochner space LY.

1. Introduction. Integral representation theory has been studied by several authors
for linear and nonlinear additive functionals and operators on various function
spaces such as Lebesgue-Bochner spaces and Orlicz spaces (see Alo and Korvin [1],
Diestel and Uhl [12], Hiai [17] and Mizel and Sundaresan [22]).

In this paper we examine the corresponding problems for additive set valued
operator, from which we obtain an integral representation theorem for a lower
semicontinuous set valued operator acting on the Lebesgue-Bochner space L%(2). In
fact we show that the representing integrand multifunction has several nice regular-
ity properties. We also extend the celebrated Dunford-Pettis theorem which is a
result about the integral representation of a linear continuous operator on L' into a
Banach space X (see Diestel and Uhl [12, p. 73]) to the case of an additive set valued
operator (also called multioperator). Several versions of this result are presented
under a different and very general set of hypotheses.

In §4 we examine some additional properties of such representable set valued
operators. Also we present a general result about “differentiation” of multifunctions.
It is well known that if X is a Banach space with the Radon-Nikodym Property
(abbreviated by R.N.P.), then a function f: [0, T] = X which is absolutely continu-
ous is almost everywhere strongly differentiable, f(+) is Bochner integrable and
furthermore we can write that f(z) = f(0) + [/f(7) d7. This result was first proved
by Gelfand [21] for the case X is reflexive and later it was realized that the result is
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558 N. S. PAPAGEORGIOU

still true under the more general hypothesis that X has the R.N.P. In fact it turns out
that this is also a sufficient condition for a space to be a Radon-Nikodym space. A
multivalued version of this result was obtained by Artstein [2] for X = R” and by
Castaing [S] for X being a separable dual Banach space and under quite restrictive
additional hypotheses. Here we relax all those assumptions and we present a more
general differentiability result. Finally we also have an interesting result about the
set of integrable selectors of a measurable multifunction.

In the next section we establish our terminology and notations and we present
some auxiliary material that we will need in the sequel.

2. Preliminaries. Let (£, 2, p) be a complete, finite measure space and X a
separable Banach space. Additional hypotheses will be introduced as needed. By X*
we will denote the topological dual of X. We will use the following notation.

P (X) = {4 C X: nonempty, closed, (convex)}.

Py (X) = {A € X: nonempty, compact, (convex)}.

A w in front of f (resp. k) will mean that the closedness (resp. compactness) is
with respect to the weak topology w(X, X*). If 4 € P;(X), then we write |4| =
sup, < 4|lx||- Also o,(x*) = sup, ,(x*, x) is the support function of 4.

A multifunction F: € — P,(X) is said to be measurable if it satisfies any of the
following three equivalent conditions:

DFU)={wel: Flu)ynU=+ @} € Zforall U X open.

(2) w = d(x, F(w)) is Z-measurable for all x € X.

(3) There exists a sequence { f,(-)},., of measurable functions f,: & — X s.t.
f.(w) € F(w) and F(w) = cl{ f,(w)},>, for all w € Q (Castaing representation).

A measurable function f: @ = X s.t. f(w) € F(w) for all w € Q is said to be a
selector of F(-). By S} we denote all selectors of F(-) belonging to L'(2), i..,
SL={f(-)e L%Q): f(w) € F(w) p-a.e.}. We will say that F(-) is integrably
bounded if and only if |F(-)] € L}(R). In this case the Kuratowski-Ryll-Nardzewski
selection theorem tells us that S} # @. Using S} we can define an integral for
multifunctions. This was first introduced by Aumann [3] for the case X = R” and is
the natural extension of the single valued integral and of the Minkowski sum of sets.
So we have

J, F(w) du(w) = {/wa)du(w):fes;},

where the vector integrals are taken in the sense of Bochner. This integral turned out
to be the appropriate analytical tool in several applied fields like optimization,
optimal control, mathematical economics and statistics. For more details about
measurable multifunctions and their integrals we refer to Castaing and Valadier [6],
Hiai and Umegaki [18], Himmelberg [19] and Rockafellar [25].

Finally we would like to introduce a notion of convergence of nonempty, closed
sets in X which we will call Kuratowski-Mosco convergence (K-M convergence) and
which is more general then convergence in the Hausdorff metric. Let {4,,},., be a
sequence in P ( X). Let

s-liminfA4, = {x € X:x=slimx,,x, €A4,,n> 1}

n—oc n—oc
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(here s denotes the strong (norm) topology on X)) and

w-limsup 4, = {x € X: x = w-limx, , x
n— oo k— o0 ,

€4, k>1}.

ny

We will say that 4, converges to 4 € P,(X) in the Kuratowski-Mosco sense (written
K-M

as A, > A as n - oo) if and only if w-limsup, , 4, = 4 = s-liminf, , _4,. For

more details we refer to Mosco [23].

3. Representation theorems. Consider a set valued operator T: LY(2) — 2%\ {2 ).
We will say that T(-) is additive if T(f, + f,) = T(f,) + T(f,) for all f(-),
£,(-) € LA(R) s.t. supp(f;) N supp(f,) = @ (i.e. fi, f, have disjoint supports). We
will say that 7(-) is sublinear if it is additive in the above sense and positively
homogeneous.

We start with a lemma that is also interesting in its own sake.

LEMMA. If F: @ X X = P, (X) is a multifunction s.t.

(1) F(-, x) is measurable for all x € X,

(2) x = 0p(, o(x*) is Ls.c. for all w € @ and all x* € X*, 05 ,(x*) separable
then for all f: @ — X measurable, » — F(w, f(w)) is measurable.

PrOOF. Consider the function @,.(w, x) = 0, ., (x*) and fix x* € X*. We claim
that @,.(-, -) is a normal integrand. From Rockafellar [25] we know that it suffices
to show that the multifunction w = R(w) = epi ¢,.(w, -) is closed valued and
measurable. From hypothesis (2) we have that x — ¢ .(w, x) is L.s.c. and so R(-) is
closed valued. Next note that ¢, .(w, -) is finite valued for all w € §. So dom R = Q.
Let D = {(x,,A,) € X X R; n > 1} be a countable dense set in X X R and define
the functions g,(w) = (x,, max(@,.(w, x,), A,)). Clearly g,(-) is a Castaing repre-
sentation for R(-). So w = R(w) is measurable. Thus we deduce that ¢ .(-, -) is a
normal integrand which means that it is (2 X B(X))-measurable. So w —
@, (@, f(W)) = Op(, f(wy(Xx*) is measurable and this means, by Theorem III-37 of
Castaing and Valadier [6], that w — F(w, f(w)) is measurable. Q.E.D.

REMARK. In the above proof we also got that (w, x) = F(w, x) is (£ X B(X))-
measurable. Also if F(w, ) is Ls.c. (in the set valued sense, see Castaing and
Valadier [6]), then x — o, ,,(x*)is Ls.c.

Now we are ready for the first representation theorem.

THEOREM 3.1. Assume thai X is reflexive. If T: L(Q) — Pﬁ(X ) is sublinear and
L.s.c., and T(f)C [ollf(@)|IW(w)du(w) for all f(-) € LY(Q), where W: Q —
P, (X) is integrably bounded, then there exists F: & — P,, (X) s.t.
(a) for all x € X, F(-, -) is integrably bounded by p(-) € LY(Q),
(b) forall w € Q, F(w, ) is l.s.c. from X into (X, w) and F(w,0) = {0} p-a.e.,
(c) for all f(-)€ LY(R) we have that F(w, f(w)) C ||f(w)||W(w) p-a.e. and
T(f) = JoF(w, f(w)) du(w).

PROOF. In the light of the previous lemma and of the Kuratowski-Ryll-Nardzew-
ski selection theorem, the integral in the conclusion of the theorem is nonempty.
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For every x* € X* consider the function f — o7, (x*). Clearly this is sublinear
since T(-) is. We claim that it is also lower semicontinuous (l.s.c.). To show this we

Ly
work as follows. Let f, = fand let x € s-lim T(f,). Then we can find x, € T(f,)

s.t. x,, -ix=>(x* x,) = (x* x). But (x* x,) < o7 (x*) forall n > 1 = (x*, x)

<lim, o (x* ) Since x € s-lim, , T(f,) was arbitrary we conclude that

O tim, . 7/ (X*) < Lm, o7, (x*). *). On the other hand, since by hypothesis T(-)
is [s.c. we have that
T(f)C s hm T(f,) = oT(f)(x ) < o lim | _ T(/,,)(x*)-
n— oo

So indeed f — o, (x*) is Ls.c. Then Theorem 5.1 of Hiai [17] tells us that for all
x* € X* there exists ¢,.: X £ — R normal s.t. ¢,.(w,0) = 0 p-a.e. and o7 (X*)
= [o®,-(w, x) du(w). Fix x* € X* and x € X. Then by letting f = x ,x, where
A € Z, we have that

0 (x*) = [ @uel0, x) di(@) <Ixllle*l [ [W(w)ldn(e).

Since this is true for all 4 € £ we have that ¢,.(w, x) < ||x||||x*|||W(w)| for all
w € Q\ N,,. with p(N,,.) = 0. Set @, = {w € Q: n < |W(w)| <n+ 1}; ¢..(+, x)
is essentially bounded on every Q,. Let p be a positive, linear lift of L%(Q,, Z,, p|g )
(where 2, = 2 N Q,). Such a lift exists by Ionescu-Tulcea [20]. Let ¢,.(w, x) =
ple,.(w, x)]. Define a function on all © by piecing those lifts together. Then since

[ @aens(e,x)dn(0) < [ [o(0, %) + 0 (0, x)] du(w)
A A
and

[, #rerl@, x) du(w) <A f @ua(@, x) du(e)

for all 4 € Z, we get that @, ,4(w, X) < §3(0, X) + §,3(w, x) and ¢, ,.(w, x) =
AP, .(w, x) for all w € Q. Thus x* - ¢,.(w, x) is a sublinear function. In addition it
is bounded and so it is continuous. Let

Flw,x)={z€ X:(x*2) < $o(w, x) forall x* € X*}.
Using the continuity of ¢,(w, x) we can write that
Flo.x)= N{z€X:(x},2) < s (0, )},

n>1

where {x}}, ., is dense in X*. So (w, x) > F(w, x) is measurable with values in
P, (X). Then we have

or(x%) = jg (@, f(©)) dp(w) = /Q Oro oy (X*) dp(w)

= 0 Fo. fron(X*) = T(f) = leg F(o, f(©)) du(w).
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Also note that

[ Fla. f(@) du(w) < [ I(@)IW(w) du(w) = [ orasion(x*) du(e)
< [ I7(@)llow(x*) du(w).

Since this is true for all f € L'(2), from Lemma 4.2 of Hiai [17] we deduce that
OF(w, 1wy (X®) < I f (@)l 0y (x*) for all w € Q\ N,. with u(N,.)= 0. For the
dense set {x}},,, clearly we can say that or, ,)(x7) < |[f(@)lloy)(x}) p-a.e.
for all n > 1. Then from the continuity of the support functions we deduce that
Or(w, 1w (X*) S 1 f(@)||0 4y (x*) p-ae. for all x* € X*. Since both sets are closed,
convex we conclude that F(w, f(w)) C || f(w)||W(w) p-a.e. So F(w, f(w)) has values
in P, .(X) for p-almost all @ € 2. Hence using the lemma and Theorem 4.2 of this

wkc

paper we get [oF(w, f(@)) dp(w) € Py, (X) and so T(f) = [oF(w, f()) du(w).

Finally we have to show that F(w, -) is l.s.c. from X into (X, w) = X with the
weak topology, and that F(w,0) = {0} p-a.e. The second conclusion is immediate
because we have that

Orw.0)(**) = 9,:(w,0) =0 p-ace.
Since this is true for all x* € X* we deduce that F(w,0) = {0} p-a.e.

Next note that for x € B, = unit ball of X we have that F(w, x) C W(w). Also
we know that x — o, ,,(x*) is Ls.c. for all @ € @ and all x* € X*. So we can
invoke Theorem II-21 of Castaing and Valadier [6] and deduce that, outside a p-null
set N, F(w, -) is Ls.c. from B, into (X, w) = the space X with the weak topology. By
modifying F(-, x) appropriately on N (for example, set F(w, x) = W(w) for all
w € N) we can say that F(w, -) is Ls.c. from B, to (X, w) for all w € . We will show
that F(w, -) is Ls.c. on all of X. Note that F(w, -) is positively homogeneous since
T(-)is. So if x,, 3 x and recalling that the weak topology on W(w) is metrizable we
have that

w-lim F(w, x )-'||x||-—w-11m F(w, x,) = x| w-lim ——F(w )

ne el s now IX]

=||x|| w- lim F(w, n )
" e,

Since x,./||x,|| = x/||x|| and F(w, -) is Ls.c. from B, to X,, we have

w- lim F(w, Xn )QF(w,-—x—)= ——F( x).
o I, Il 7 x|

n— oo

Thus we get that

w-1lim F(w, x )D||x||—F(w x)=F(w, x)

nsw [l
which by Delahaye and Denel [10] tells us that F(w, -) is Ls.c. from X into X, for all
weQ QED.
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Next we will prove the announced multivalued generalization of the Dunford-Pet-
tis theorem. Following Costé and Pallu de la Barriére [8] we will denote by H( X, X*)
the closed, convex, weakly locally compact, nonempty subsets of X, which contain
no straight line. Our result also generalizes significantly Theorem 1 of Castaing [4].

So we have

THEOREM 3.2. If T: L}(Q) - P, (X) is linear (i.e. additive and homogeneous),
T(f) CIf11Q, where Q is in H(X, X*) and is also bounded, and f — o ;,(x*) is
continuous for all x* € X*, then there exists F: Q@ — H(X, X*) scalarly integrable s.t.
T(f) = cl [of(w)F(w) du(w) for all () € L(R).

PROOF. Consider the map A — T(x ,). We claim that this is a weak set valued
measure in the sense of Costé and Pallu de la Barriére [8]. For that purpose let
{A,},>, be a sequence of mutually disjoint Z-sets, and let 4 = U?_,4,. Let
Sy =U,_14,. Then T(x ,) = T(xs, + xs3) = T(xs,) + T(xsy)- Note that T(x 5 )
= X7_1T(X 4,)- So we have

N N
T(x4) = 2 T(x4,) + T(xsy) = 07y, = > Or(x, + OT(xs)*

n=1 n=1

LQ)

But x5, = Oas N — o0 and so o7, ,(x*) = 0as N — oo for all x* € X*. Also
L'Q) "
Xs, — Xau-Soforallx* e Xx*
N
"T(x;h,)(x*) =X °T(xA")(x*) = 07 (X*) asN - oo.
n=1
Therefore

N oo
Or(x o (X*) = Jim Zlf’r(x,p("*) = X Orgy, ) (x%).
o

n=1
Furthermore T(x.) is p-continuous, because if u(A4) =0 we have that T(x ) C
lIx 4@ = 0.0 = {0}. So we can apply Theorem 3.1 of Costé and Pallu de la
Barriére [8] and get that there exists F: & — H(X, X*) scalarly measurable (and so
measurable by Theorem I1I-37 of Castaing and Valadier [6]) and scalarly quasinte-
grable and for which we have

"T(xn(x*) - f,, Op(w (x*) dp(w) = afnxA(w)F(w)du(w)(x*)

for all x* € X*. In fact, of ., (x*) is integrable since Q is bounded, ie. F(-) is
scalarly integrable. So we have

T(x,) = clfoA(w)F(w)du(w)-

Now let s(-) = ZY_,x 4,()r, be a nonnegative simple function. Then
N

T(s)= L T(xan) = L [ rF(e)du(e)

=1

=cl Zf rkF(w)d;L(w)=cl/ﬂsn(w)F(w)d;.L(w).
k=1 "4k
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For an arbitrary simple function s(-) write s = s*— s~. Because of the additivity of
T(-) we have that
T(s)=T(s*—s7)=T(s*)—T(s")

= clLs%w)F(w)du(w) —cljs;s‘(w)F(w) dp(w)
=cl[/;2 s+(w)F(w)dp(w)—fﬂs—(w)p(w)du(w) .

Next let f(-) € L'(2) and let {s,(+)},> be simple functions s.t.

LYQ) LYQ) L)
-

s, = f7 and s; - f~

sn > n

and also converge pointwise. Then o7 ,(x*) = a7, (x*) for all x* € X*. Note that
C'1‘(s,,)(3‘*) = Orsy —s;)(x*) = UT(s;)—T(s;)(X*)
= or(s;)(x*) + 0y (x*) = °T(s;)(x*) + °T(s;)(—x*)~

But we already saw that
or(s:)(x*) = oclfns;'F(x*) and oT(s;)(x*) = 0 fgs;F(_x*)'

At this point observe that

Oal fﬂs;F(x*) — 0q jnf*F(x*)| = ‘j&; (os:(o)F(w)(x*) - oﬁ(w)p(w)(x*)) dp(w)

[ (52 @or () = (o (60) (@)

< [ 157 (0) = £ (@)lop (x*)ldu(w).
Invoking the Lebesgue dominated convergence theorem we get that
Tim | [ (570) o (5%) = (@) oy (x°)) dis()|
=0= oclfns,TF(X*) = 0y o r(x*) asn > co.

Similarly we can get that
Oy fns;F(X*) - °c|f,,f-r(x*) asn — o0

for all x* € X*. So

oT(S")(x*) = GT(s;)(x*) + 07y (—x*)

= 0q (51 F(X*) + 04 o5 p (—X*) = 0y for F(X*) + 0 - p(=x*)
= clfnf*F(x*) to_y f,,/-F(x*) = fsz Uf*(w)r(w)-/-(w)r(w)(x*) dp(w)

- L °f<w)r(w)(x*) dp(w) = oy /nfr(x*)-

On the other hand, we know that a7, ,(x*) = 67,,(x*) as n > co. Thus o5 ,,(x*)
= 0y jrr(x*) forall x* € X* = T(f) = ¢l [of(w)F(w) dp(w). Q.E.D.
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Remark. If Q € P, .(X), then

fAF(w)du(w)Qu(A)Q=fAQdu(w)=>F(w)£Q pae.

for all A € 2. So F(-) can be taken to be P,, (X) valued and integrably bounded
and then by Theorem 4.2 of this paper [,f(w)F(w)du(w)€ P, (X) for all
f(+) € L}(2) and so the representation formula in the above theorem takes the form
T(f) = Jof (@) F(w) dp(w).

Next we are going to use Theorem 3.2 to obtain a corresponding representation
result for set valued operators acting on L®(£).

THEOREM 3.3. Assume that X* is separable too. If T: L*() - P, (X) is s.t. there
exists Q, C Q for every € > 0 with p(2\ Q,) < € for which T(f) C ||f|,Q., where
0.€ W,“(X) and whenever supp f C §, andf — 0r(s)(x*) is continuous on L*(%,)
for all x* € X* and all € > 0, and for all f, b fwe have w-lim,_ _T(f,)=T(f),
then there exists F: Q@ — P, (X) scalarly integrable s.t.

T(f)=cl/9f(w)F(w)dp(w) forallf € L=(Q).

ProOF. Let {Q,},., € 2 with u(2,)1 () and {Q,},., S H(X, X*) be se-
quences of sets in § and X respectively, postulated by the hypotheses of the theorem.
Then from Theorem 3.2 we know that for all n > 1 there exist F,: & - P, (X)
scalarly integrable s.t. T(f) = cl [of(w)F,(w) du(w) for all f(-) € L*(Q,). Sup-
pose u(£2, N Q,)> 0. Forall B € [Z N (£, N Q,,)] we have that cl [y F,(w) dp(w)
=cl [pF,(w)du(w) = T(xp). Then Lemma 4.2 of Hiai and Umegaki [18] tells us
that

S)%"nln"ngm = Sllr,,m"mm = F(w) = F,(v) kg, g, -a-C.

To take care of those exceptional p-null sets and of the case where p(Q,, Ny =0
and F,(w) # F,(w) there, call those sets N,, and let N, =U%_,N,, and N’ =
U%P_N,. Clearly p(N’)=0. Also let N” = Q\U Q,. Again u(N”) = 0. Set
N = N’ U N’ and define

F(w) forweQ,\N,,

Flw) = {{0} forw € N.

What preceded the definition of F(-) shows that this is a well-defined multifunc-
tion. Our claim is that for all f € L*(Q)

T(f) = clfgf(w)F(w)du(w)-
Let g & S} and consider (g, = xq,8}ua1 and (£, = Xa,f buo1- Then f, - &, €
L'(Q) and T(f,) = [of,(©)g,(w)dp(w). Since f, - g,,—»f g we have that

fszf,,(w)g,.(w)du(w)—*fgf(w)g(w)d#(w)- Also recall that w-lim,  T(f,)=
T(f). Hence

[ f(0)g(w) du(w) € T(f) =l [ f(0)F(e)dp(w) € T(f).
Q Q
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Suppose that in fact strict inclusion holds. So thete exists u € T(f) s.t. u &
cl fof(w)F(w) du(w). Then from the strong separation theorem we know that there
exist ¢ > 0 and nonzero x* € X* s.t.

0urr(x*) = [ Gparr(x7) () < (5%, ) — e
Apply Aumann’s selection theorem to find g € S} s.t.

fﬂ Oty (X*) dp(©) = /Q (x*, f(w)g(w)) dp(w)
= (x* [ f(@)g(0) du(s)).

Thus we have tls1at (x*, fof(w)g(w) dp(w)) < (x*, u) — e Recall that
Jafu(@)g,(w) du(w) = [of(w)g(w) dp(w). So for n > n; we have

M ([ e)g (@) du(e)) < (x*, [ 7(w)g(@) du(w)) + e/

Once again we recall that w-lim, 7( f,) = T(f). Hence we can find u, € T(f,) s.t.
u, > u. Then forn > n, we will have

2) (x*,u) —e/3 < (x*,u,).
Combining (1) and (2) above we deduce that for n > max(n,, n,)

©) (5 [ 5(@)82(0) du(0)) < (x*,) = &3,

Note that g, € S;. We claim that (x*, f,(©)8,(«)) = 6, ()F, ) (X*) po-ae.
Suppose not. Then for some 4 € £ N Q, with pg (4) = p(4) > 0 we have that

(4)

("C*’ fn("")gn(“’)) < of"(u)pn(u)(X*) forwe 4
= [, * 1@)g (@) db(w) < [ oprnn(x7) dute).
But 0y, () (x*) = (x*, f(w)g(w)) p-a.e. So
(5) js; Oy Fy (X*) dp(w) = (X*, _/;z”f(w)g(w) d#(w))
= [ Gonw(x) du(e)
= (. [ Aw)e(o) o).

From (4) and (5) we get a contradiction. Hence indeed

O'f"(w)F,,(u)(x*) = (x*, f(w)g.(w)) pg-a.e.
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Using that in (3) we get
];2 Uf”(w)r,,(u)(x*) d.“("’~’)< (X*v“n) —¢/3

= ofﬂ,,ann(x*) < (x*’ un) - 8/3

=u, € T(f,)= fQ fi(0)F (@) du(w)

for n > max(n,, n,), which is a contradiction. So finally we conclude that T(f) =
Jof (@) F() du(w). QE.D.

We will close this section with another representation theorem for set valued
operators on L*®() which are continuous with respect to the Kuratowski-Mosco
convergence of sets, when the arguments in L*({2) converge strongly.

-THEOREM 3.4. Assume that (Q, Z, p) is nonatomic and X is a separable reflexive
Banach space. If T: L* — P, (X) is linear, f = T(f) is continuous on L=(Q) for the
K-M convergence and T(x 4) C u(A)Q for all A € Z, where Q is closed and bounded,
then there exists F: @ — P (X) integrably bounded s.t. T(f) = [of(w)F(w) dp(w)
forall f € L*(Q).

PROOF. As before we can have that 4 — or, ,(x*) is a signed measure for all
x* € X*. Since T(-) has values in P,, (X), from Theorem 1.1 of Costé [7] we
deduce that M: 4 — T(x ,) is a strong multimeasure in the sense of that paper.

Also from our boundedness assumption we can see that M(-) is p-continuous and
of bounded variation. Invoking Theorem 4.5 of Hiai [16] we get that M(-) has a set
valued Radon-Nikodym derivative F: £ — P,(X) which is integrably bounded.
Because (§2, =, 1) is nonatomic we can take F(-) to be convex valued. Also note that
F(w) C Q p-a.e. So we have

T(x,) = f,, F(0) dp(w)

with F: @ — P_, (X) is integrably bounded.
Let
N N

XAk(' = T(s) = kg T(XAkrk) = kz_:l"kT(XAk)

Zoref Flo)du(w) = foA(w)rkF\w)du( @)

k

S(.):

=f L xadw)rF(w) du(e) = /Qs(w)F(w)d,u(w).

S

L
Next let {s,},., be simple functions s.t. s, — f (see Hewitt and Stromberg [15,
Theorem 11.35, p. 159]). We claim that

[, su(w) F(@) d(0) =" [ 1) F() dn(w).
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So let x € w-limfgs,(w)F(w) dp(w). Then x = w-lim,_x, with x, €
JoSn (@) F(w) du(w). Let x,, = [o5,(0)8, (@) du(w), where g, () € St. Theorem
4.2 of this paper (see also Proposition 3.1 of [24]) tells us that S} is w-compact in
L% (). So from the Eberlein-Smulian theorem we deduce that there is a subsequence
of {8,,(*)} x>1 (Which for simplicity we denote with the same index) s.t.

w-LY

8, — &€ Sk

Then for every x* € X* we have that

(0, [ sn0)80(0) ()] =[x, [ 1(@)s(0) (o)

(5%, [ sn0)8(0) (@) = (. [ 1(0)8,,(0) du(o)]

+ (w0 [ £(@)8,(0) du(@)) =[x, [ 7()g(w) du(e)

<

(% [ (s00) = (@) (@) dn()

+

(w0, [ 7)) - g(@)) du(w))

| (su) = ) 5% ) ()]
+| [ 1(0) (3. 8,(0) - 8(0) du(w)|

=[((sa, = f)x*, 8| + 1 fx*, 80, = 8],
where ( -, -) denotes the duality brackets between L%.(2) and L (Q). Note that

s-L%. w-LY
5, X* = fx* and g, — g ask — oo.
So passing to the limit we get that
(2% [ su@)g(@) du(@)) = (x*, [ 1(0)5(w) du(w))
= %, = [ 52,()8,,(0) du(e)
> [ f(0)g(w) du(w) € [ f(@)F(w) du(w).
Q Q

On the other hand, we also have that x,, S x Sox= Jof(w)g(w) du(w) which
implies that

(6) w- lim jﬂ su(©) F(w) dp(w) C jﬂ f(©)F(w) du(w).

n— o0
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Next let x € [of(w)F(w) dp(w). Then there exists g(-) € S} st x =
Jof(w)g(w) dp(w). Let

x,= [ s,(0)g(w) du(w) € [ 5,(0)F()dp(a).
Q Q
We have
b, =2l < [ l,(@) = f(@)llg(@)l] = 0 asn — o,

So x € s-lim fo5,(w)F(w) du(w) which means that

(7) [ f(@)F(@) du() € s-lim [ 5,(0)F(w) du(o).

From (6) and (7) we get that
[ sn(@)F(0) d(0) 5" [ 1) F(w) dn(w)
= T(5,) = [ f(0)F(w) du(w).
Q

On the other hand, since T(-) is continuous for the K-M convergence on L*(Q)
K-M
we have that T(s,) = T(f). Recall that the Kuratowski-Mosco limit is unique. So
T(f) = Jof (@) F(w) dp(w). QE.D.

4. Integrable multifunctions. In this section we will examine some properties of the
representation integrals obtained in the previous section and then we will prove a
differentiability kind of result for a large class of multifunctions and we will
determine a necessary and sufficient condition for S} to be w-compact in L,
generalizing an earlier result by Diestel [11].

In the first result we characterize the extremal points of a representable set valued
operator T: L' — P, (X).

PROPOSITION 4.1. If T(f) = [of(w)F(w) du(w), where F: @ — P,, (X) is inte-
grably bounded, then ext T(f) C [of(w)ext F(w) du(w).

PROOF. Let x € ext T(f). Then x = [of(w)g(w) du(w) for g(-) € St. Since we
know that S}, r = ext S} from Castamg and Valadier [6], if g & S,  then there
must be g,, g, € Sfs.t.g = ig, + ig,. Hence

x= [ f(@)g(0) dulo) = [ 1(0)| 381(0) + F82(0)| @)

)c1+x2

ff(w)gl(w)d#(w) +3 ff(w)gz(w)d#(w) -

with x,, x, € T(f) = [of(w)F(w) du(w). But this then contradicts the extremality
of x. Q.E.D.

We have another characterization of the exposed points of a set valued operator
T(-) acting on L}(Q).

Assume that X has the R.N.P.
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PROPOSITION 4.2. If T: L' — P, (X) is additive, f = o7 ;)(x*) is continuous for all
x* € X*, T(fo) € Py X) for fy € LX(R) and |T(x 3fo)| < p(B)|| foll1, where B € Z,
and x € exp T(f,), then there exists g, () € L% (Q)s.t.x = Jag/ (@) dp(w).

REMARK. Note that such a set valued operator is not necessarily representable and
so we cannot get the proposition as a consequence of one of the representation
theorems of §3.

PROOF. As before we can show that 4 — o7, ,(x*) for all x* € X* is a signed
measure. Since T(f,) € P, (X), Theorem 1.1 of Costé [7] tells us that M:
A - T(x 4f,)is a strong multimeasure which is clearly p-continuous and of bounded
variation. So we can use Proposition 2.1 of Hiai [16] and get a vector measure m:
2 - X st. m; () = x. Note that m,(-) being a measure selector of M(-) is
p-continuous and of bounded variation. Since X has the R.N.P. we deduce that there
exists g, () € Ly(Q) s.t. x = [pg,(w) du(w). QE.D.

Now we will have the differentiation result for multifunctions which extends the
single valued result of Gelfand (see [21]) and the earlier multivalued results of
Artstein [2], Castaing [5] and Hermes [14]. Assume X is reflexive.

THEOREM 4.1. If ®: [0, T] - P (X) is measurable and for all x* € X* and all t,,

t, € [0, T'] we have that
IOQ(tO)(X*) - °¢(zl)(X*)| < [lx*[Iley = ol

then there exists F: Q — P (X) scalarly integrable s.t. ®(t;) = ®(¢,) + cl f,:)lF(t) dt
forallt,, t, €10, T).

PrOOF. From Dinculeanu [13] we know that to 64, (x*) corresponds a measure
m.(+)s.t.

m [ty 1] = 0<I>(11)(x*) - %(zo)(x*)

and
(») |m,.|(A4) <||x*|A(4), A € = = Lebesgue sets of [0, T],

where A(+) is the Lebesgue measure on [0, T]. From the Radon-Nikodym Theorem
we know that there exists p(x*, -) € L! s.t.

D) m.(A) = /A @(x*, 1) dr

for every Lebesgue measurable set A in [0, 7). We claim that @(x*, -) € L*.
Suppose not. Then for every n > 1 there exist A, € = = Lebesgue measurable sets
in [0, 1] with p(A4,,) > 0 s.t. |p(x*, t)| > n for t € A,. Hence we have that

ml(4,) = [ lo(x, 0ld > - A(4,)
_ (4,
N(4,)

which shows that {|m .[(4)/A(A): A € Z, A(A4) > 0} is unbounded, contradicting
(*). Thus @(x*, -) € L*. From (*x) we see that x* — @(x*, ¢) is sublinear for
t € [0, T]\ N,., where A(N,.) = 0. By a lifting argument as in the proof of Theorem
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3.1 we can get that x* — @(x*, t) = p[e(x*, t)] is sublinear for all r € [0, T]. Also
it is continuous. So applying Hérmander’s theorem we can find F: @ - P, (X) s.t.
P(x*, 1) = 6g,)(x*). So F(-) is scalarly integrable (and so F(-) is measurable by
Theorem I11-37 of Castaing and Valadier [6]). Hence we have

m.(A4) = jA Oy (X*) dt

t
= 0001 (X*) = 001y (¥*) + [ 0 (x*) al
o

= 0 (X*) = 00y (X*) + 071 ri0y 0 (X*).
Since this is true for all x* € X* we conclude that

®(1,) = ®(1,) + cl f" F(t)dt. Q.ED.

We will close the paper with a result that we have already used in several places in
this work. This is a necessary and sufficient condition for the set of integrable
selectors of a multifunction to be w-compact in L (). The sufficiency part was first
obtained by the author in [24]. The necessity part is new. Furthermore the suffi-
ciency part generalizes the result of Diestel [11] and provides a different approach to
the problem; namely instead of the Davis-Figiel-Johnson-Pelczynski factorization
method (see [11]) we use techniques from the general theory of multifunctions and
the celebrated James theorem for weak compactness.

Assume that (£, Z, p) is nonatomic and X* is separable.

THEOREM 4.2. If F: Q — P,(X) is integrably bounded, then S} is w-compact in
L% (R) if and only if F(-) has values in P, (X) p-a.e.

PROOF. Assume S} is w-compact in L (). Because (£, =, p) is nonatomic from
Cuong [9] we know that Sy is weakly dense in conv Sz = S . Since S is w-closed
we deduce that Sp = S1_ = F(w)= conv F(w) p-ae. So F(-) is p-ae. convex

valued.
Next let x* € X*. Then from James’ theorem for some f € S} we have that

gy (x%) = (x*, 1) = (0, [ (o) du(@)).

Also from Theorem 2.2 of Hiai and Umegaki [18] we can easily see that
05,(x*) = [ 0ru)(x*) dn(e).
So we have
[, Tor () = (=, f(@))] di(w) = 0.

But note that since f(-) € S} and F(-) is p-a.e. convex valued we have that
(x*, (@) < 0p(,,(x*) p-a.e. Hence,

OF(Q)(x*) = (x*, f("-’))
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for all w € Q\ N,., where p(N,.)=0. Since X* is separable and og,, () is
continuous we can easily see that

OF(w)(x*) = (x*, f(@)) pae.
with the exceptional p-null set being independent of x* € X*. So invoking James’
theorem we conclude that F(w) € P, (X) p-a.e.

Now assume that F(w) € P, (X) p-a.e.

By setting F(w) = {0} on the exceptional u-null set we can assume without any
loss of generality that F(w) € P, (X) for all w € Q. From the Dinculeanu-Foiag
theorem (see Dinculeanu [13] or Ionescu-Tulcea [20]) we know that [L%(2)]* =
L3, (2). Letting g € L, () we have

o5,(8) = sup (g. /) = sup [ (g(w), /() du(@).

fesk fesLt e
Using Theorem 2.2 of Hiai and Umegaki [18] we get that
sup [ (8(@), () du(w) = [ sup (g(w), x) du(w).
fesr x€ F(w)
Let
R(w) = (€ F(0): sup (g(w),x) = oruy(8(0) = (8(), 1)}
x€ F(w)
Since F(w) € P, (X) for all w € ©, we have that R(w) # & for all w € Q. Set
(w, x) = 0g(,,(8(w)) — (g(w), X). Clearly ¢(- ; ) is a Carathéodory function and
so is jointly measurable. Then observe that Gr R = {(w, %) € € X X: ¢(w, X) = 0},
Gr F € £ X B(X). So applying Aumann’s selection theorem we can find f Q- X
measurable s.t. f (w) € R(w) for all w € Q. Note that f € S}. Hence we have

[ swp (g(0).x)du(e) = [ (g(0). /(o) du(w)

x€ F(w)

= ag(g) = (8, /).

Since g € L. () was arbitrary, we conclude using James’ theorem that SLis
w-compact in LY(2). Q.E.D.

REMARK. The nonatomicity of (£, =, p) and the separability of X* are not needed
in the sufficiency part.
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